MULTIFRACTAL ANALYSIS OF SUPERPROCESSES WITH 
STABLE BRANCHING IN DIMENSION ONE. 



LEONID MYTNIK AND VITALI WACHTEL 



Abstract. We show that density functions of a (a, 1, /3)-superprocesses are 
almost sure multifractal for a > /3 + 1, /3 G (0, 1) and calculate the correspond- 
ing spectrum of singularities. 



1. Introduction, main results and discussion 

For < a < 2 and 1 + /3 G (1,2], the so-called (a, d, (3) -super process X = {Xt : 
t > 0} in R'' is a finite measure-valued process related to the log-Laplace equation 

—u = +au- bu^'^^, (1.1) 

at 

where a G R and b > are any fixed constants. Its underlying motion is described 
by the fractional Laplacian Aq := — (— A)"/^ determining a symmetric a-stable 
motion in R"* of index a e (0, 2] (Brownian motion corresponds to a ~ 2), whereas 
its continuous-state branching mechanism 

V -av + bv^+^, v>0, (1.2) 

belongs to the domain of attraction of a stable law of index 1 + /3 £ (1,2) (the 
branching mechanism is critical if a = 0). 

Let d < ^ . Then, for any fixed time t, Xt{dx) is a.s. absolutely continuous with 
respect to the Lebesgue measure (cf. Fleischmann [3] for a = 0). Moreover, as it 
is shown in Fleischmann, Mytnik, and Wachtel [U Theorem 1.2(a),(c)], there is a 
dichotomy for the density function of the measure (in what follows, we just say the 
"density of the measure"): There is a continuous version of the density of Xt{dx) 
if c? = 1 and a > 1 + /3, but otherwise the density is unbounded on open sets of 
positive Xt{dx)-me'Asme. Note that the case of a = 2 had been studied earlier in 
Mytnik and Perkins 13^ In the case of continuity. Holder regularity properties of 
the density had been studied in [3], [S]. 

From now on, we always assume that d — 1, a > 1 + /3, that is, there is a 
continuous version of the density at fixed time t. This density, with a slight abuse 
of notation, will be also denoted by Xt{x), x G R. 

Let us first recall the notion of pointwise regularity (see e.g. Jaffard |7j). We 
say that a function / has regularity of index 77 > at a point a; S R, if there exists 
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an open neighborhood U (x) of x, a constant C > and a polynomial Px of degree 
at most [77J such that 

\f{y) - Px{y)\ <C\y~ xj" for all y e U{x). (1.3) 

For 77 G (0, 1) the above definition coincides with the definition of Holder continuity 
with index 77 at a point. Note that sometimes the class of functions satisfying ()1.3|) 
is denoted by C^(x). Now, given / one would like to find the supremum over all 
r] such that (|1.3|) holds for some constant C and polynomial Px- This leads to the 
definition of so-called optimal Holder exponent (or index) of / at x: 

Hf{x) := sup{77>0: f^C^'^x)}, (1.4) 

and we set it to if / ^ C'''(x) for all 77 > 0. To simplify the exposition we will 
sometimes call Hf{x) the Holder exponent of / at x. 

Let us fix t > and return to the continuous density Xt of the (a, l,/3)- 
superprocess. In what follows, Hx{x) will denote the optimal Holder exponent 
of Xt at X (li R. In Theorem 1.2(a),(b) of 4 , the so-called optimal index for local 
Holder continuity of Xt had been determined by 

- 1 e (0, 1). (1.5) 

This means that inix^K Hx{x) > r/c for any compact K and, moreover, in any 
non-empty open set U C R with Xt{U) > one can find (random) points x such 
that Hx{x) = 7]c ■ Moreover, it was proved in [S] that for any fixed point x G R, 
such that Xt{x) > 0, we have 

in the case of /3 > (a - l)/2, and Hx{x) > 1 if /3 < (a - l)/2. 

Remark 1.1. In [S] the classical definition of Holder exponent was used, which can 
take only values between and 1. Hence the result in [5] states that the optimal 

index of Holder continuity (in classical sense) equals to min — 1, l|, for any 

(0,a-l). 

The purpose of this paper includes proving that on any open set of postive Xt 
measure, and for any 77 G ('7c,??c) \ {1} there are, with probability one, (random) 
points x G R such that the optimal Holder index Hx{x) of Xt at x is exactly rj. 
Moreover, for an open set U C R, we are going to establish the Hausdorff dimension, 
say Du{rj), of the (random) set 

^u,Xji = {x gU : Hx{x) = 77}. 

We will show that the function 77 1— >• Du{i]) is independent of U; it reveals the 
so-called multifractal spectrum related to the optimal Holder index at points. 

To formulate our main result we need also the following notation. Let Mf denote 
the set of finite measures on R, and for fi G Mi, will denote the total mass /i(R). 
Our main result is as follows. 

Theorem 1.2 (Multifractal spectrum). Fix t > 0, and Xq = fJ. E Mi. Let 

d = 1 and a > 1 + (3. Then, with probability one, for any open set [/ C R, 



Duiv) = (/3 + i){v - Vc), V e [vc, Vc) \ {1}, 
whenever Xt{U) > 0. 
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Remark 1.3. We conjecture that the Du{fjc) — 1, and whenever fjc > 1, the 
function Du{-) can be also continuously extended to 77 = 1, i.e., Dif{l) = (/? + 
1)(1 — 77c). We believe that Du{fjc) = 1 can be proved using the same startegy as in 
the proof of Theorem II. 2[ but some technical steps become much more difficult. If 
f]c < 1 then we can show it using the results from [5] . Indeed, for B being arbitrary 
ball in (0, 1) define 



Jb 

where A is the Lebesque measure on R. Then, by the Fubini theorem, we have 



E 



X{£B,x,f,J\ M Xt{y)>0 
y&B 



E 



l{Hx(x)=r,,}dx\ inf ^«(y) > 

yeB 



= [ V{Hx{x) = 77c| inf Xt{y) > 0) dx 
Jb 

= KB), 



in the last step we used Theorem 1.1 from [S], which states that Hx{x) = ?7c for 
every ixed point x. That is, given {inf^gs ^tiv) > 0}, we get that, with probability 
one, DB{fjc) = 1- We may fix uj outside a P-nuU set so that this holds for any 
rational ball B, that is, for any ball with a rational radius and center. Let U be an 
arbitrary open set such that [miy^u Xt{y) > 0}. Then, there is always a rational 
ball B in U such that {iniy^B Xt{y) > 0}, and so the result follows immediately 
from what we derived for the fixed ball. 

Remark 1.4. The fact that our proof fails in the case 77 = 1 is even more dis- 
appointing. Formally, it happens for some technical reasons, but one has also to 
note, that this point is critical: it is the borderline between differetiable and non- 
differentiable functions. 

Remark 1.5. The condition a > 1 + /? excludes the case of the quadratic super- 
Brownian motion, i.e., a = 2, (3 — 1. But it is known "folklore" result that the 
super-Brownian motion is almost surely monofractal, that is, r]c = fjc ^ 1/2. 

The multifractal spectrum of random functions and measures has attracted at- 
tention for many years and has been studied for example in Dembo et al. [I], 
Durand 0, Hu and Taylor [5], Klenke and Morters HI], LeGah and Perkins [H], 
Morters and Shieh [TS] and Perkins and Taylor [TB]. The multifractal spectrum 
of singularities that describes the HausdorfF dimension of sets of different Holder 
exponents of functions was investigated for deterministic and random functions in 
Jaffard [Zl[8j|9] and JaflFard and Meyer [10]. 

After some preparation in the next section, the proof of Theorem 11.21 will be 
given in Sections [3l lU [S] 

2. Preliminaries 

In this section we collect some technical results from [U [S] . 

Let p" denote the continuous a-stable transition kernel related to the fractional 
Laplacian Aq, — — (— A)"/^ in R, and S°' the related semigroup. Fix Xq — ij. £ 
Mf\{0}. 

First we want to recall the martingale decomposition of the (a, 1, /3)-superprocess 
X (valid for any a £ (0, 2], /3 e (0, 1); see, e.g., [H Lemma 1.6]): For all sufficiently 
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smooth bounded non- negative functions on R and t > 0, 

{Xucp) = / ds {X,,A^ip) + Mtiifi) + alti^p) (2.1) 

Jo 

with discontinuous martingale 

t^Mt{^):=f M{d{s,x,r))r^{x) (2.2) 

^(0,t] xRxR+ 

and increasing process 

t ^ Itiifi) := / ds {X,,cp). (2.3) 

JQ 

Here N := N where 7V(d(s, x, r)) is a random measure on (0, oo) x R x (0, oo) 
describing all the jumps r5x of X at times s at sites x of size r (which are the 
only discontinuities of the process X). Moreover, 

7V'(d(s,x,r)) ^ QdsXs{dx)r~'^^f^dr (2.4) 

is the compensator of A/", where g := 6(1 + /?)/3/r(l — /3) with F denoting the 
Gamma function. 

Under our assumptions the random measure Xt{dx) is a.s. absolutely continuous 
for every fixed t > 0. From the Green function representation related to (12. ip (see, 
e-g-, [H (1-9)]) we obtain the following representation of a version of the density 
function of Xt{dx) (see, e.g., H (1.12)]): 



Xt{x) = p^*pt{x) + / M(d(s,2/))p^,(y-x) 

JfO.tlxR 

(2.5) 

/(d(s, y)) p^^^iy - x) =■ Z\x) + Z\x) + ^^(x), x S R, 

'(0,t] xR 

(with notation in the obvious correspondence). Note that although Z', i = 1,2,3, 
depend on t, we omit the corresponding subscript since t is fixed throughout the 
paper. M(d(s, y)) in (j2.5p is the martingale measure related to (|2.2|) and /(d(s, y)) 
the random measure related to (|2.3p . Note that by Lemma 1.7 of [J the class of 
"legitimate" integrands with respect to the martingale measure M(d(s, y)) includes 
the set of functions ip such that for some p e (1 + /?, 2), 

ds[dxSf^i{x)\ip{s,x)\P<oo, Vr>0. (2.6) 



We let C^^^ denote the space of equivalence classes of measurable functions sat- 
isfying (|2.6[) . For a > 1 + /3, it is easy to check that, for any t > 0,z S R, 
(s, x) pf^s{z — x)ls<t is in C^^^ for any p E (1 + /?, 2), and hence the stochastic 
integral in the representation (|2.5|) is well defined. 

Throughout the paper we will need the following estimate for the a-stable tran- 
sition kernel p" (see 0] Lemma 2.1]). 

Lemma 2.1. For every S e [0, 1], there exists a constant C > such that 

\pnx)-pny)\ < (p^«(x/2) +pny/2)), t > 0, x,y e R. (2.7) 

By the methods very similar to those used for the proof of the previous lemma, 
one can get the following result. 
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Lemma 2.2. (a) For every 5 G [0, 1], there exists a constant C > such that 
^ C'|^^(p?(x/2)+p^(y/2)), t>0, x,yGR. (2.8) 



dp'iix) dp'^{y)\ ^ ^ \x~v\' 



dx dy 
(b) There exists a constant C > such that 
dpf {x) 



< Ct~^/"p'^{x/2), t>0, xeR. (2.9) 



dx 

The immdediate corrolary from the above lemma is as follows 
Corollary 2.3. For every 6 € [1,2], 

p^(x)-p?(y)-(x-2/)""^^^' /-l^-y 



dy 



^ ^ ^5A^ {p?i=^m+p?iym),t>o,x,yeR. 

(2.10) 

With Lemma r2.2r b) at hand, it is easy to check that if /3 < (a — l)/2, then for 
any t > 0, z G R, (s, x) ^ ^^I^^p^l^^, is in C^^ for any p G (1 + /3, Then, 
using again condition (|2.6p . it is easy to show the following resuh. 

Lemma 2.4. Let /?<(« — l)/2. T/ien for any fixed i > 0, a; G R, the stochastic 
integral 

M[d{s,y)) - 



i 



(0,t]xR 9x 

is well defined. In what follows, we let ^^'J^^ to denote this integral. 

Let L = {Lt : t > 0} denote a spectrally positive stable process of index 
K G (1,2). That is, L is an R-valued time-homogeneous process with independent 
increments and with Laplace transform given by 

Ee"^-^' = e*^", X,t>0. (2.11) 

Let A.Ls :— Lg — Lg- > denote the (positive) jumps of L. The next technical 
result gives an exponential upper bound for the tail of supo<u<t under condition 
that all the jumps of L are not too large. 

Lemma 2.5. There exists a constant C j^ ^^j — •'^c/i that 

P( sup |L„|1{ sup AL,<y}>x) < ( ^™/ T^'' (2.12) 
^o<u<t o<v<u ' ^ xy'^ J 

for all t,x,y > 0. 

This bound for supo<u<f has been proven in 0] (see Lemma 2.3 there). Since 
the process L is spectrally positive, the tail of supq<„<((— L^) is lighter than that 
of supQ<„<t L„. Thus, (j2.12p is a consequence of 01 Lemma 2.3]. 

Organization of the proof. We would like to verify the spectrum of singularities of 
Xt{-) on any open (random) set U whenever Xt{U) > 0. Based on the ideas of the 
proof of Theorem 1.1(b) in [T3], it is enough to verify the spectrum of singularities 
of Xt{-) on any fixed open ball [/ in R. In what follows we fix, without loss of 
generality, U = (0, 1). The extension of our argument to general open U is trivial. 

In Section [31 we will take care of the simple terms and Z^. In Sections SI 
|S]we will veryfy the spectrum of singularities of which, in fact, determines the 
spectrum of singularities of Xt . 
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3. Easy terms 

Consider , Z^ on the right hand side of (|2.5|) . Clearly, is twice differentiable. 
Noting that fjc < 2 for all a,/3, we see that Z^ does not affect the optimal Holder 
exponent of Xt. As for Z^, we have the following result. 

Lemma 3.1. Let /3 < {a — l)/2. Then, F-a.s., Z^{x) is differentiable for any 
X e (0, 1), and the mapping 

x^ -^Z^{x), X e (0,1), 
dx 

is, P-a.s., Holder continuous with any exponent r] < a — 1. 

Proof. Using Lemma 2.12 in [1] with ^? = ^ = 1, we see that Z^{x) is differentiable 
and, furthermore, 

d 



d-x''^^^ 
Therefore, for any xi,X2 e (0, 1), 

'^.Z^x,)~^ZHx2) < \a\ f ds I X,{dy) .^pf_^{x,-y)- ^pU{x2-y) 



dx dx 



dxi * dx 



2 



Applying now Lemma 12.21 with (5 < a — 1, we obtain 

^Z^x,) - ^ZHX2) 
dx dx 

< C\a\\x,-X2\' f^ds{t-s)-^'^'y- j^X^idy) [pU (^) + pU 

= C\a\\x^-X2\' f^ds{t-s)-^^+''^'^ (52"=(t-.)^.(^l) + 52"(t-.)^.(^2)) 

<C\a\\xi-X2\^ sup Sq^u^.Xs{x)j dss-(i+'^)/" 
s<t,xe{o.i) Jo 

^Ca{a-l-S)-'^\a\\xi-X2\^ sup S^^u_^)X,{x). 

s<t,xe(o,i) 

Taking into account Lemma 2.11 from [T, which states that 

V -.^ sup S^a.u_,)Xs{x) < oo P-a.s., (3.1) 

s<t,xe{o,i) 

we see that x i— ji^Z^^x) is Holder continuous with the exponent 6. □ 

Comining this lemma with 3^, Remark 2.13], we obtain 

Corollary 3.2. P-a.s., for any x d U we have 

Hz^{x)>al{fi,>l} + l{fi,<l}. (3.2) 

^From this corollary and the fact that the right hand side in p. 21) is not smaller 
than fjc we conclude that Z'^ does not affect the multifractal structure of Xt as 
well. More precisely, the spectrum of singularities of Xt coincides with that of Z^. 
Consequently, to prove Theorem 11.21 we have to determine Hausdorff dimensions 
of the sets 

^Z2,r, := £{Q,i), z^, rj ^ {x e (0,1) : Hz2{x) ^ 1]}, 
Sz^rj ■= £(o,i),z^,n = {a; e (0, 1) : Hz2{x) < 77}, 
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and this is done in the next two sections. 

4. Upper bound for the Hausdorff dimension 
The aim of this section is to prove the fohowing proposition. 
Proposition 4.1. For every rj G [f?c,^c); 

dim(£22 < d\m{£z2^^) < (1 + /3)(77 - ?7c), P - a.s. 

We need to introduce an additional notation. In what follows, for any 
Tj G [rjc, fjc) \ {!}, we fix arbitrary small 7 = 7(7/) £ (0, ^'^ ^^'' ) such that 

\ ifl^min{77-l,2-77}, if ?7 > 1, 

and define 

Sjj := |a; G (0, 1) : there exists a sequence (s„, y„) — > (t, x) 

with AX,„({2/„}) > (t-s^O^^^k-ynr^"^}. 
To prove the above proposition we have to verify the following two lemmas. 
Lemma 4.2. For every rj G {ilciVc) \ {1} '"'^ have 

P > ?7 - 2a7 /or all x G (0, 1) \ S^) = 1. 

Lemma 4.3. For every rj G {ilciVc) \ {1} /laue 

dim{S^) <{l + l3){r]-r,,), P - a.s. 
With Lemmas 14.21 14.31 in hand, we immediately get 

Proof of Proposition [7T7| It follows easily from Lemma [4.21 that £z'^,ri C 5',,+2Q7+e 
for every e > and every 77 G {r]c,rjc) \ {!}• Therefore, 

dim(f22,r,) < lim dim(S'^+2Q7+e)- 

Using Lemma [4.31 we then get 

dira{£z--,r,) < (1 + P){v + 2^7 - Vc), P - a.s. 

Since 7 can be chosen arbitrary small, the result for rj 1 follows immediately. 
The inequality for 77 = 1 follows from the monotonicity in 77 of the sets £z^,ti- D 

The proof of Lemma is rather short, so we will give it first. 

Proof of Lemma \4.3\ To every jump (s, y, r) of the measure Af (in what follows in 
the paper we will usually call them simply "jumps") with 

(s,r) Gi?,,„ := [f-2--'",t- 2-^-1) x [2-"-i,2-") 

we assign the ball 
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We used here the obvious notation B{y,6) for the ball in R with the center at y 
and radius 6. Define noO) '■— j[tt^ "4]- clear that 

U B^T' 

3>J,n>na(j) 

covers Sn for every J. (Recall that, according to Lemma 2.14 of [4], there are no 
jumps bigger than 2"""*^^' in the time interval \t — ,t — 2^^~^).) 

It follows from the formula for the compensator that, on {sup^^j Xs{(Q, 1)) < -/V}, 
the intensity of jumps with (s, r) € Dj ^ is bounded by 

/ QT ar 2(1 + /?) 



-n-l 



Therefore, the intensity of jumps with (s,r) e U^i|^|^j^^.|I?j^„ := where ni(j) = 
•?[TT;a + 1]> is bounded by 

n=no(j) 

According to Lemma 1 from [?;, the number of such jumps does not exceed 2Aj 
with the probability 1 — e^^^ . Analogously, the number of jumps with (s, r) G -Dj.n 
does not exceed 2Aj.„ with the probability at least 1 — e~'^J'" . Since 

(00 
e-^' + ^ g-^^-" I < 00, 
"="i(j) 

we conclude, applying the Borel-Cantelli lemma, that, for almost every uj from 
the set {sups<j Ars((0, 1)) < A^}, there exists J(w) such that for all j > J{uj) and 
n > ni(j), the numbers of jumps in Dj and in Dj^n are bounded by 2Aj and 2Aj_„ 
respectively. 

The radius of every ball corresponding to the jump in Dj is bounded by rj := 
— 

C2 Hv-va)-' _ Thus, one can easily see that 

00 / 00 / 2-" \ ^/(''-''<^)\ 



j—1 \ n=ni(j) 



(2-J-i)T+?-T^ 



for every 9 > {1 + /3){rj — i]c). This yields the desired bound for the Hausdorff di- 
mension for almost every oj G {sups<j Xs{{0, 1)) < A^}. Letting N ^ 00 completes 
the proof. □ 

The remaining part of this section will be devoted to the proof of Lemma 14.21 
Let 

3>Jn>noU) Dj.r. 

Since 5,, = n,7>iS',,( J), 

{i/22(x) >r;-2a7,xe (0,1)\5J= f| {if^^ (x) > ry - 2^7, a; e (0, 1) \ 5^( J)} . 

J>i 
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Thus, it suffices to show that 

P {Hz2 {x)>ii- 2a7, 6 (0, 1) \ S^{J)) = 1 (4.2) 

for every J > 1. 



Before we start proving (14. 2p . let us introduce some further notation. For any 
Xi,X2 e R,7? e (%,%) define 

ar^l ^ _ / -Ps(y), ifr;<l,s>0 

^"'"(^'^^ = j p«(:,)_pO(j^)_(:,_y)MM, if^G(l,77c),s>0, 

z2-''(a;i,a;2) = / / M{d{u,y)) p'^Ll{x^ - y,X2 - y), s G [0,i], 





AZl'^{xuX2) = Z2."(xi,X2)-Zfl''(xi,X2), se (0,t], 

Z2.''^'(a;i,a;2) ^ f I M{diu,y)) p^lVix, - y,X2 - y), s G [0,i], 
Jo Jr 

AZl'^''{x^,X2) = Zf''^'{x^,X2)-Zl'^'{xr,X2), rye (l,'7c),se (0,t], 
Also for any A^, J > 1, let 

Srj{N,J) {{xi,X2) G : 3xo G (0, 1) \ 5',,( J) such that xi,X2 G S(a;o,2-^)} 
and 

'^^(-^) {(2^1, 2^2) e : 3x0 S (0, 1) \ S,,{J) such that 2:i,a;2 G B {xq,4\xi - X2\)} 

We also have to introduce a "good" event A^, on which, with high probability, 
V from p.ip is bounded by a constant, and there is a bound on sizes of jumps. 
Fix some e G (0, r/c/2) arbitrary small. Let AXg = Xg — Xg- denote the jumps 
of the measure- valued process X. By Lemma 2.14 of [4 , there exists a constant 
Cg^J = cg3j(e,7) such that 

P(|AA,| > C^{t - s)(i+'9)"'-T for some s < t) < e/10. (4.3) 

Then we fix another constant C j4^ — C j4^ (g, 7) such that 

P{V <C^)>l-ellQ. (4.4) 

Recall that, by Theorem 1.2 in 4 , x n> Xt{x) is P-a.s. Holder continuous with 
any exponent less than 7]^- Hence we can define a constant C j^^ = C'g^(e) such 
that 

Pf sup '^;^"^^-^-y' <CB3l)>l-s/10. (4.5) 

\xux2e(a.,i),x^^x2 \x1-x2Y'- ^ 

Then define 

A' = {|AA,| <C|43j(t-s)(i+'5)"-^ foraUs<n (4.6) 

\Xt{xi) - X t{x2)\ 
r:i,x2e{as).xi=jtx2 Ni— a;2| 

Clearly by (|43l) and (|44|) . P(A'') > 1-e. See (3.4) in [4] for the analogous definition. 
We split the proof of (|4.2p into several steps. 



r^{y<c^}r^{ sup '^^:r^_!:::i7^' <ciM 
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Lemma 4.4. Fix arbitrary (deterministic) xi,X2 G R, and rj g (?7c,?7c)- Then for 
any N, J > 1, there exists a constant C j4^ (J) > 1 such that 



AZ^^^{xi,X2) 



{ixuX2)£S^(N,J}} 



(4.7) 



Proof. Let (y, s, r) be the point of arbitrary jump of the measure J\f with s < t. 
Then for corresponding jump of Zl'^{xi,X2) we get the foUowing bound 



AZf'^{xi,X2) < r\p":^^{xi-y,X2-y)\ 



(4.8) 



Now on the event |(a;i,X2) G Srf{N, J)|, there exists a point a;o G (0, 1) \ Srf{J) 
such that xi,X2 G i? (xo, 2^^) and for s > t — 2^"^ we have 

r < (t-s)w-T|y-a;or'""^ 
This and (|L8l) imply that for s > t - 2"'^ 



I ^ I{s,y,xi,X2) = AZf'''(a;i,X2) 



{(a:i,X2)eS„(Af,J)} 



< {t-s)TTB-r\y- xol"-"^ |p^4(a;i - y,X2 - y)! 



(4.9) 



Applying Lemma 12.11 (if 77 < 1) or Corollary 12.31 (if 77 > 1) with 6 = rj ~ a'^ to 
Ptl!^g{xi — y,X2 — y), we conclude from (|4.9p that, for s > f — 2^'^, 



Pi 



2(t-s)i/" 



Pi 



U(t-s)i/o 



< c^^{t - s)-("-"=)/"|y - xor-^ixi - X2i''-"^ 

>i - 2/1 + |a;2 - y| ^ 



-a-l 



(t-s)i/" 

where the last inequality follows from the standard bound 

P?W<C|3jTj(k|Vl)-"-\ zeR, 

One can easily check by separating the cases \xi — y\^\x2-y\ < {t-s^/" and 
|a;i -y\ + \x2 -y\>{t- s)^/" that 



(4.10) 
(4.11) 



and hence 



< [t- s)(''-'''^)/° 



1"-"^ s>t-2- 



(4.12) 



If ly — a:o| < 2 ^+1, then we obtain the bound 

I < 2Cg3niNi - X2r=-"^2-^(''-''^), s>t~ 2-'. (4.13) 

Now consider the case |y — xqI > 2^^+^. Here we treat separately two subcases: 
\y ~ xo\ <{t~ s)i/" and \y - xo\ > (t - 5)^/". First, if \y - xo\ < [t ~ s)i/", then 
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it follows from (|4.10|) that 

<gi4Toii^i-^2r"'^ 

< gjilOll^i - x2|"=-"^2-(^-i)(''-''^), s > i - 2-'. (4.14) 

Second, if |y - xqI > {t - s)i/", then we reeah that \y ~ xq\ > {t ~ s)^/°' V 2"^+! 
and — XqI < 2^^,i — 1,2, to get that 

\x^-y\ > |xo-j/|/2, 1-1,2. (4.15) 

Combining this with (|4.10l) . we obtain 



-a-l 



?7— ?7c — Q^ — 1 



< ggJUlNi - X2r-"°^2-<^-i)<^'-^'-), g > t - 2--'. (4.16) 
Finally, we consider the jumps {y, s, r) with s < t ~ 2^'^ . On the event , 

r <{t- s)^"^. 

Using Lemma [^TT] (or Corollarv l2.3p with 6 = rj — once again, we see from (|4.8p 
that 

^ < g gm - a;2r-"^(t - s)-'"-"^)/" 

^ C'g37j2"'^''"'''=^/"|a;i - a;2|'''^~"'^2-(^-i)(''-''-), s < t - 2"^. (4.17) 

Combining (14. 13^ - (|4.17p we get the desired result. □ 

By similar argument we can get the following result. 

Lemma 4.5. Let fjc > 1. Fix arbitrary (deterministic) Xi,X2 G R, and rj G (1,77c)- 
Then for any J > 1, there exists a constant C j4 ]^g[ (J) such that 



AZ^'^''{xi,X2) 

< C^iJ)\x, - X2r'-'^\ ys<t. (4.18) 



Having an upper bound for absolute values of the jumps of Z'^{xi,X2), we can 
give some estimate for Zf{xi,X2) itself: 

Lemma 4.6. Fix arbitrary (deterministic) Xi,X2 G (0, 1), and rj G {ric,f]c)- 
(a) Then there exists a constant C j4 j^q[ , such that for any N, J > 1, 

P (|z2^''(xi,:e2)| > 2Cg3(J)|xi -a;2^^-'"^2'^(''-''=^A^(xl,:E2) e 5,(iV, J)) 
< (C^gll2-"^^) • (4.19) 
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(b) Let rjc > 1 and assume 77 e (l,?7c)- Then there exists a constant Cg^^OJ; 
such that for any J > 1, 

p (iz,2'''''(a:i,x2)i > 2Cg3^(j)ixi -x2^-l-2"^A^(a:l,x2) e 

< {CKm\^i-^2r) • (4-20) 

Proof, (a) According to Lemma 2.15 from [4] there exist spectrally positive (1 + /?)- 
stable processes L"*" and L~ such that 

Z2-'(xi,X2) = s<t, (4.21) 

where 

Tlis)^ r du f X„(dy)((p^l(xl-y,X2-2/))^)'''^ 0<s<t. (4.22) 

(Note that also depend on rj however we omit the corresponding superindex 

r] to simplify the notation.) Therefore we get 

P (|z2^''(xi,X2)| > 2Cg3(J)|xi -a;2r^-2"^2-^(''-''=),A^(xl,X2 e 5^(iV, J))) 

< P > C|4jj(J)|a;i -X2r^-2"^2-^(''-"=),A^(xl,X2 G §,(iV, J))) 

(4.23) 

+ P(|i^.(^)| > Cgjj(J)|xi -a;2r^"^"^2-^(''-''=),A^(xl,X2 £ S,{N,J))) . 

By going through the derivation of (3.43) in [5], one can easily get that in our 
setting, on the event A"^ , for any 77 e {ijc, f]c) and any ei e (0, a/37), there exists a 
constant C j4 24[ — Q4.24[ (^' ^i; ^) such that 

7^±W < ^14:2411^1-^21"'^-^^ =:T(a;i,a;2). (4.24) 
From this bound, Lemmas 12.51 and 14.41 we get 

P > Cg3(J)|xi -X2r^-2"^2-^(''-''=^A^(xl,a;2 G §,(iV, J))) 

< P > C^{J)\x^ - X2|"-2"^2-^(''-''^), A^ 

sup ALf < Cr^{J)\xi - x^r'-^n-^'^^-^A 
s<Tl ^ ) 

< P ( sup \Lt\l{ sup ALt < C^{J)\xi - a;2r'^-"^2-^(''-''=)} 

\0<s<f (xi,2;2) 0<v<s 



< 



< 



< 



Jsi - 2;2|-"T(C|4jl(J)|a;i - a:2|''=-"T2-^('?-'?^))i+^^ J 

2-Ar(,,-,,,)(H-/3) I 



MULTIFRACTAL ANALYSIS OF SUPERPROCESSES 



13 



where the last inequaUty fohows since (77 — ric){l + /3) < l,£i < a/37, l^^i — < 
2^^+^, and C j477| (J) > 1. (We omit here some elementary arithmetic calcula- 
tions.) 

The claim follows now from (|4.23p . 
(b) The proof goes along the similar lines. □ 

Lemma 4.7. Let J > 1, ?7c > 1, ^7 G (l,?7c)- For almost every uj Cz A"^ there exists 
N2 = N2{uj) such that for all n > N2, and 

{xux2) e 5;(J) n {(z2-",j-2-"),i, j G Z, |z -il = 1} 

the following holds 

< 2C^J^{J)\x^-X2^'-'"^. 

Proof. Define 

M„ :=max{|Z,2'''''(a:i,a;2)| : (xi,X2) € {(^2"", j2-"), j G Z,\i~j\ = 1} n (0, 1) n J)} 
Applying Lemma 14.61 (b). we obtain 



P 

Let 



(m„ > 2C|438l(J)2-"(''-i-2"7).^e^ < 2" (C|4:20l2~"°^V 



:= {M„ > 2Cj4Xg|(J)2-"(''-i^2a7) g^^^^^ „ > jy}^ 

It is clear that 



00 00 



-na7 



^ P(^^ n^=) < E E P (^^" ^ 2Cg38j(J)2-"(''-i-2"'r);^e) 

00 00 
00 00 

<EE2"(C|42Ql2-""^ 



2" 

17 ' 



Ar=l n=N 



< C ^ 2-"''^ < 00 

and we are done by the Borel-Cantelli lemma. □ 

Lemma 4.8. Let J > 1, rj G {rj,fjc). For almost every lj £ there exists Ni — 
Ni{u}) such that for alln> N > Ni, 

{xi,X2) G S^{N, J) n {(z2-", j2-"), t,j e Z} 

with \xi — 2^2 1 < 2^'°^ " we have the inequality 

\Zl^\x^,X2)\ < 2Cg3(J)|xi -:e2|''^-'"^2-^("-"=). 

Proof. Define 

An,N ■■= U {z2-''(xi,a:2)>2Cgj|(J)|a:i-X2r=-2a72-A^(^-^c; 

Xi,X2 G {i2"",i e Z} 

n(0,i)n|^^(iv, J)| : 

{ki-X2| <2-i°g'"}} 
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Applying Lemma l4.6lf a). we obtain 

P [a^.nC]^') < 2'" ((^fcTOl2— 

Let 

n>N 

It is clear that 

oo oo 



Pi^N n A^) < ^ ^ P (a„,w fl A 

N=l N=ln=N 
oo oo 

< E E 2'" (^m2"" 

oo 



oo oo ^ 2°^'°s'' 

'-' \^l l4.1ijt ^ 

Af=l n=N 



N=l 

and we are done by the Borel-Cantelli lemma. □ 

Lemma 4.9. Let J > 1, fjc > ^, i] (1: ^c)- Fix an integer fco > max |l + a-i-p ' 
For almost every w G and for all x G (0, 1) \S'^(J), i/iere exists V'{x) = V'{x, iv) 
and C j4_25[ (J; smc/i t/iat 

<Cg^(J)|j/-a;|"-2"^ Vy £ 2"^^), (4.25) 

w/iere 

iVg = max{Ar2M,iViH,log2(|r(x)|), (fco)'"} + 2 
and N2 , -/Vi are from Lemmas \4. 7\ \4-8\ 



Remark 4.10. Z'^{x) (similarly for Z'^{y)) at a random point x is defined via 
Z'^{x) = Xt{x) — Z^{x) — Z^{x), where all the terms on the right hand side are well 
defined. 

Remark 4.11. The lemma shows that V'{x) is in fact a spatial derivative of Z'^{x) 
at point X. 

Proof. First we will define V'{y) for fixed points y. For any ?/ G R, let 

V'{y) ^ 1^ /^^^ ^)) §^P?^u{y - z)- 

Let X and uj be as in the statement of the lemma. For any n > 1, take Xn G 
{i2~",i G Z} satisfying the following conditions 

\xn -x\< 2-", |x„ - x„+i| = 2-"-i, Vn > 1. (4.26) 

Applying Lemma l477l we get for every n > the bound 

\V'{Xn) - V'iXn+l)\ = \Zf'''''iXn,Xn+l)\ 

<2Cg35j(J)2-"(''-i-2"^). 
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Then for any m > n > N3 we have 

m~ 1 

\V'{x„) - V'{x„,)\ < l^'i'^k) - V'{xk+i)\ 

k—n 

<C^{J)2-'^^''-'-^''^l (4.27) 



This imphes that {V {xn)}n>i is a Cauchy sequence and we denote the Hmit by 
V'{x). Moreover it is easy to check that 

\V'{x,,) ~ V'ix)\ < Cg^(J)2-"(''-i-2"^), n > N3. (4.28) 

Now let us check (|4?25l) . Let 

y€B{x,2-^')\{x}. 

Then we can fix an integer N* > N3 such that 

2'^'^^ <\x-y\<2~^'. (4.29) 

Fix a sequence {x„}„>i satisfying (|4.26p . and {yn}n>i satifying the same con- 
dition with y instead of x. Then for any n > N3 we have 

\Z\y)-Z\x)-{y-x)V'{x)\ 

< \Z^{yn) - Z^{Xn) - (y„ - Xn)V'{x„)\ 

+ \Z^{y,,)^Z^y)\ + \Z\x,,)-Z^x)\ 

+ \yn-y\ X \V'{x)\ + \x^-x\ X \V'{x)\ 

+ \yn-x^\x\V'{x)-V'{x^)\. (4.30) 



In what follows fix 



Then we have 



n = koN*. (4.31) 



\yn-y\ X \V'{x)\ + \xn-x\ X \V'{x)\ 
<2-2-''"^'\V'{x)\ 

< 2 • 2~^*(""2"7)2-^*|v^'(a;)| (since r/ < 2,A;o > 3) 

< (2|x - y\y^-^^''2^-^'\V'{x)\ (by (14291) ) 

< i\x-y\)'^-^''-'2^~^'\V'{x)\ 

< \x - y\'^-^°''' ,Vn > N[, (4.32) 

where the last inequality follows from N* > log2(|l^'(a;)|) + 2. Now by triangle 
inequality and (|4.3ip we get 



\xn-yn\ < 2^"" + Ix - 2/1 

<A\x~-y\. (4.33) 
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This, (i43T|) and (|4:28| imply 

\yn ~ ■ \V'{x) - < 4|x - y\ ■ Cg23(J)2-^-'=»(''-i-2"^) 

< 8CiJ)\x~y\ ■ |a; - yl^-i-^^T 

< 8C(J)|a;-2/|''-2"7_ (4 34) 

Now recall that is Holder continuous with any exponent less than rye (see 
Theorem 2 in [4]) to get that there exists C = C{uj) such that 

\Z\y^) - Z\y) \ + - Z\x)\ 

< C{iu) (jyn - y|''-(2«7)/feo + j^.^ „ ^|.,c-(2a7) A'o j ^ B{x,2-^'^). 

Recalling that 

|yn-yUx„-x| <2-" (4.35) 

and (|4.3ip we get 

\Z\yn) ~ Z\y)\ + \Z\xn) ~ Z\x)\ < 2C(c^)2-"(''<=-(2a7)/fco) 

< 2C(tj)2"^'(''"'''^"2"'^) 

< 2C(cj)2-^'(''^2a7)^ 

where the last inequality follows since by assumption fcp > 1 + 1/ (a — 1 — /?) and 
hence koijc > fjc > V- By (|4.29p we immediately get 

|Z2(y„) - Z^{y)\ + \Z\x^) - Z\x)\ < 8Ciu)\x - yj''-^"^. (4.36) 

Now use again ()4.35p and triangle inequality to get that 

\yn-x\ < \yn-y\ + \y-x\<2-^^*-'l 

This together with the (|4.35p and the definition of Srj{N, J) implies that 

{xn,yn) G S^{N* - 1, J) n{(*2-",j2-"),*,j G Z}. (4.37) 

Note that 

K-yn| <2-(^*-i) (hy^M) 

<■ 2-log'(fcoA'*) 

^2-i°s'("), (4.38) 

where the first inequality follows by (|4.33p and the second inequality follows easily 
by our assumptioon N* > (fco)^", fco > 3. By (|437|) . (|438)) and since iV* - 1 > A^i, 
we can apply Lemma [4.81 to get 



Z^(y„) - Z^{Xn) - (y,i - Xn)V'{Xn)\ 
= \Zf''^{Xn,yn)\ 
^ C\yn ^ Xn\^' "^"^ 

where the last inequality follows by (|4.33l) . 

By ((4:301 and the bounds (|432)) . (|434l) . (|436| . (lOO)) we complete the proof. □ 
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Lemma 4.12. Let J > I, rj G (t^c, niin{77c, 1}). For almost every w e and for 
allxe (0,1)\5^(J), 

\Z\y)-Z'{x)\<C\{J)\y-xr-'^\ Vy e 2-^0, 
where Ni = Ni{uj) is from Lemma \4-.8\ 

Proof. For any n > 1, take Xn,yn G {i2^", i £ Z} satisfying the following conditions 

\Xn '^1^2 , \Xji ^n+1 1 2 , 

|yn-y| <2-", \yn-yn+i\<2-"-\ 

Applying Lemma I4.8[ we get for every N > Ni the bound 

oo 

< \Z^''^{yN,XN)\ + (^\Zt'''{yN+i,yN)\ + IZ^'"^ {xn+i, xn)\^ 

< 2C(J)2-^(''-"'=) [ |x7v -yTvT'^"^"^ + 2 J 2-"(''<=-"'^M 

V n=N / 

< C"(J)2-^(''-"-) (\XN - yN^"^^"'' + 2-^('''^-2a7)^ (4 4Q) 

Choosing iV so that |?/ — x| S [2^^^^, 2^^], we finish the proof. □ 

Now we are able to complete 
Proof of Lemma \4-S\ Lemmas 14.91 14.121 imply that 

V{Hz2{x) >r]-2a-f, Vx e (0,1) \ Sr,iJ); A') > 1 - e. 
Letting here e we complete the proof of the lemma. □ 

5. Lower bound for the Hausdroff dimension. 
The aim of this section is to prove the following proposition. 

Proposition 5.1. For every rj £ {rjcrjc) \ 

dimi£z2,^) > (1 + /3)(77 - r;,), P - a.s. on {Xt{{0, 1)) > 0}. 

Remark 5.2. Clearly the above proposition together with Proposition 14. II finishes 
the proof of Theorem 11.21 

Before we begin with the proof of the proposition, we notice that the lower 
bound is much more involved then the upper one. And this not unexpected: in our 
previous papers [H [S] the proofs of the optimality of Holder indices were harder 
than the derivation of the Holder continuity. It is similar, in some sense, to large 
deviation problems, where an upper bound can usually be obtained from some 
analytical estimates (for example, exponential Chebyshev inequality), but for a 
lower bound one has to understand the 'optimal strategy' of a stochastic process 
under consideration. Due to the mentioned complexity of the proof we give, for 
reader's convenience, a short description of our strategy. After auxiliary lemmata 
we construct a set V^, with dim(V^,) > (/? + 1)(?7 — ?7c), on which we show existence 
of "big" jumps of X that occur close to time t. These jumps are "encoded" in the 
jumps of the auxiliary processes L~^ and they, in fact, destroy the Holder continuity 
on V,j of any index greater or equal to ij (see Lemma [5?71 and Lemma [5^ . However, 
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there are also other jumps of the process X (they will be encoded in processes L^) 
which may compensate the impact of the jumps of X encoded in L+. The most 
difficult part of the proof is to show that there is no such compensation. More 
precisely, we prove that such a compensation is possible on a set of the Hausdorff 
dimension strictly smaller than (/? + l)(7y — r/c), and hence does not influence the 
dimension result. It is done in Lemmata 15.91 IS^TOl and IF. 121 

We start with deriving uniform estimates for Xs (/^"' ) , where 

[A:2-",(fc + l)2-"). 

In what follows fix some 

TO>3/a, (5.1) 
and 9 G (0,1) arbitrary small. Define 

On := : there exists k E [0,2" — 1] such that 

sup ^s(4"^) > 2-"n2'""/3 I 

sG(t-2-°"n°^'"/3,t) J 

and 

Bn = BniO) {lo : there exists k e [0, 2" - 1] such that 



ll'''> n {x : Xtix) > 6} ^ 



and inf X,(4"') < 2-"n-^ 

se(t-2-°"ji-°"Si) 

Lemma 5.3. There exists a constant C such that 

P(0„) < Cn^'""/3, n > 1. 

The proof is an almost word-for-word repetition of the proof of Lemma 5.5 in 
[4], and we omit it. 

Lemma 5.4. There exists a constant C such that 

P(B„ n A") < C6l-in-"'"/3^ n>l. 

Proof. Define 

r„ :=inf|se (t - 2-""n-"'", i) : X,(4"^) < 2-"n-2" for some fc G [0,2"-l]|. 

If w e Bn, then it is easy to see that there exists kn and a sequence {sj}°Zi such 
that Sj i T„ , as j oo, and 

lim X, .(4"^) < 2-"n-2™. 

By the right continuity of the measure valued process {Xt}t>o we get that 

^r„(4"^ \ {fc„2-"}) < 2-"n-2™. 

Since X has only positive jumps in the form of atomic measures and these jumps 
do not occur at the fixed points of space, we immediately deduce that, in fact, 

^r„(4"^) < 2^"n-2". 
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Put 



If 



2n '2^^^^ 



1 k 



1 



:= : I^^'^ n {x : Xt{x) > 6} ^ 9^ 



then, according to the Holder continuity with the minimal exponent 77c, we have on 
the event A'^ n that for all n sufficiently large, Xt{x) > 9/2 on the whole set 

Bn- Thus, 



2 

< E 

< E 



Xt(S„)l{r„ <i,0^} 



(5.2) 



< 2-"n2™a/3^ fQj. aU fc = 0, . . . , 2" - f }, 



where 



and the last inequality in (|5.2p follows since OJ^ C O^. 
Using the strong Markov property, we then obtain 



02^"n-™P(r„ < t,0^,i?("),A^) < E [5t_,„X,„ (B„)l{r„ < t,0^} 
It is clear that 



E 



St-r^XrABr,)l{Tn<t,0^,} 



E 



(dz) / p?_,^ {y - z)dyl{T,, < t, 0,=J 



(5.3) 

(5.4) 
(5.5) 



Since X^„(/|"^) < 2""n"2m ^j^g g^gj^^- < t}, we have 



E 



I Pt-rSV - z)dyl{Tr, < t, O,^} 



< 2-"n 



—2m 



(5.6) 



Recalling that t„ > i — 2 ""n "™ and using the scaling property of the kernel p° 
together with the bound (|4.1ip we get 



p^.Jy - z) = (< - T„)-i/X 



y- z 



,(^-T„)i/" 
<C{t~T^)\y-z\-^-' 

< C2-""n-"™|?/-zr"-\ 



Further, if z € /-"■* and y G S,,, then 

|y-z| > (j-l)2-" + (l-n-'")2-" - (j - n-")2-" 

> ij2-", V71 > 2, J > 1. 
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Combining the last two bounds, we get 



X^Jdz) I p?_,(y-z)dy< / Xrjdz) I Cj-"-i2("+i)"2-""n-"™dy 



= Cj-°'-^n-^''+^'>"'XrMi \-), Vn >2,j> 1. 

/Cti it J 

On the event {t„ < t} D we then have 

Xr^ {dz) [ p'^_^^ [y - z)dy < Cj-"-i2-"n-("+i)™+2™"/3 



(") 



(5.7) 



Consequently, by summing up (|5.7p over :/ > 1, we get 



E / X^Jdz) I pf_^ (y-z)dyUT..<t,0^} < C2-"n-(^"+i)", n > 2. 

(5.8) 

This and (|5.6p imply that ()5.4p is bounded by 

C2-"(^i"'^"^^'" + "■^"), ?i > 2. (5.9) 
Combining (j5.3p . (j5.9p . and using the trivial bound for n = I, we obtain 
9P{Tn < t,0'i,,&''\A') < Cn-3"'» + < Cn-""/3^ n > 1. 
In view of Lemma 15.31 

P(t„ < t,&''\A'') < P(C)„) + P(t„ < t,0^,&''\A^) < C6'-in-""/3^ n > 1. 
This comletes the proof of the lemma. □ 

Set 

(a + 3)m 



(/3 + l)(?7-77e) 

and define 

Ai") := {aX.(4"L,_,) > 2-("+i)" 
for some s e [t ~ 2-""^-"", i - 2-"("+i)(n + 1)-""')} 



Define also 



7(") 



2" ' 2" 



and 

J, :=limsup y 

fe=2«<!+2 

Lemma 5.5. On the event , 

{Xt{x) >e,x& (0,1)} C J,,, P-a.s. 
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Proof. We estimate the probability of the event i?„ fl A^, where 

{2"-l " 
u;:{Xt{x)>e,xe{o,i)}c U 
k=2ni+2 J 

It follows from Lemma EH that 



F{E^ n A') < P{E^ nBnH A") + P{E^ n n A') 

< ce-^n-""'f^ + v{Ei n n A-^). (5.10) 

For any k — 0, . . . , 2" — 1, the compensator measure of Af{dr, dy, ds) (the jump 
measure for X — see discussion after (|2.3p ). on 

= [2-("+i)",oo) X 4"' X [i-2-""n-"™,t-2~"("+i)(n + l)-"'"), 
is given by the formula 

Hir,y,s) e J-/"^ X X jt'^}gr-^-PdrX4dy)ds. 

If 

fc e A'e = : 4"^ n{xe (0, l) : > 6} ^ 0}, 

then, by the definition of i?„, we have > 2^"n^^™, for s e ^72"^ °^ ^^^^ 

event A'^ D B^. Therefore, on A' n B^, and on the set 

x{ye(O,l):X,(y)>0}x Ji") 

the compensator meausre J\f{dr, dy, ds) of J\f{dr, dy, ds) is bounded from below by 

r(dr, dy, ds) = gr-^-^drn~^"'dyds. (5.11) 

By standard argument it is easy to construct the Poisson point process T(dr, dx, ds) 
on R+ X (0, 1) X R+ with intensity meaure F given by (IS.lip on the whole space 
R+ X (0, 1) X R+ such that on A^ n B^, 

T{dr, dy, ds) < N{dr, dy, ds), for (r, y, s) G J^^"^ x {y G (0, 1) : Xtiy) > 6} x J^""^ . 
Now, define 

= 1 {f ( X X > l} , fc > 2n^ + 2. 

Clearly on on A'^ n Bf-^ and for k such that k - 2n« - 2 e Kg, 

ei")<i{4")}. 

Moreover, by construction {Cfe"^}fc=2n"+2^ ^ collection of independent indentically 
distributed Bernoulli random variables with success probabilities 

P — i I ^1 X ij,_2n<!-2 ^ '-'2 



From the above coupling with the Poisson point process F, it is easy to see that 

PiE^^nB^^nA-)<PiE^^), (5.12) 
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where 



(0,1) c u 

k=2ni+2 ) 



Let L{n) be the length of the longest run of zeros in the sequence {■ffc"'' 1^=^^"+^"'^ ■ 
Clearly, 

and it is also obvious that 

p(i^"^ > j) < 2V")(i -p("')^vj > 1. 

Use this with the fact that, by (|5.ip . m > 1, to get that 

FiK)<e^pLlnA (5.13) 



for all n sufficiently large, to see that the sequence P(i?J; A"^) is summable. 
Applying Borel-Cantelli, we complete the proof of the lemma. □ 



Set 



2n '2" 



and 



Define 



and 



V;,:=limsup ^i"^l{4"^} 



U^{A) ■= liminf I ^/i^(|/j |), A 6 y and \ < e 

Combining Lemma 15.51 and Theorem 2 from [7] , one can easily get 
Corollary 5.6. On the event , 

y-rjiVrj) > 0, P-a.S. 

and, consequently, on A^ , dim(y^) > (/3 + l){r/ — rjc), P-a.s. 

Fix some integer Q > 1. According to Lemma 2.15 from [3] (see also (|4.2ip . 
(14.221) ') there exist spectrally positive (1 + /3)-stable processes L^i ^ such that 

Z','m2-Q\r2-Q-) = <,.(r_;:''-'-(s))-i-,,^(T!'''^'-(s)), (5.14) 

< / < r < 2'3", 0<s<t, 

where 

T^^^'^is)^ r du j X^{dy)({p'iLl{l2-Q- -y,r2-Q- -y)f)'^\ 0<s<t. 

Jo JR ^ ' 

We need to introduce more notation related to the event A^"-*. If J^^^ occurs 
then there is a jump of the process X at time such that 

AX..(4:^,„,_,) > 2-(^"+i)", (5.15) 
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and 

si e [<-2-""?i-"™,t-2-"("+i)(n + l)-""). (5.16) 
Let denote the spatial position of that jump. Now put 

and for every x G (0, 1) define 

To simphfy notation, in what fohows, for any n,l,r, we denote by Ai^^^, the 
maximal jump of ^ ^, that is, 

ALl,y.^snpLl,jTf'^{s)). 

s<t 

Also set 

Lt^.^=^n,^,.(^±'"W)- (5-17) 

Lemma 5.7. Let rj e (rjc, fjc), and fix arbitrary integer R > 0. There exist constants 
C jgyjl and A^ jg^ sufficiently large, such that for all n > A^ |gyy| and all r^ G 

{kn{x) - R, kn{x) - i? + 1, . . . , kn{x)], 

4"^ C { AL+,„ > Cj532-''"n"\ V:r G ^i")} , fc = 2n^ + 2, . . . , 2". 

Proof. Fix n sufficiently large (to be chosen later) and k G {2n^ + 2, . . . , 2"}. In 
what follows we assume that A^""* occurs. Then we have to show that 

^KilK ^ ^1532""""", Va; G Vt\ (5.18) 

Fix arbitrary x G vlf^\ Recall that (s/J, J/fc) denote a space-time location of a jump 
of X that appears in the definition of A^"' . To simplify notation, to the end of the 
lemma, we will suppress the superindex n in l]!^,T]!,,y^. If occured then 

AL+,^ > 2-(''+i)" (p^lJZ,.2-'3" - yfc,r,2-Q« - y,))^ . (5.19) 

So to verify the lemma, we have to obtain suitable strictly positive lower bound for 
p^L\{h2-Q--y,,ru2'Q--yu). 

First, we will obtain a lower bound for (^^2^'^" — yk): 

p?_,J?fc2-«" - yu) - (t - ,Sfc)-'/>i ((i - Sfe)-i/"(/,2-Q" - yfc)) 

> 2"n>i ((t - Sfc)-i/"(/^2-Q" - yfc)) , (5.20) 

where the last inequality follows by (|5.16l) . By definition of 1^ we get 

|/fe2-Q"-yfc| <2-«", (5.21) 

and this with again (j5.16p and monotonicity of pi(-) implies 

Pi {{t - Sfc)-i/"(?fe2-«" - yk)) > pi (2-(Q-i)"+i(n + 1)™)) > pi(l) (5.22) 
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for all n sufficiently large. Let N^^^ be sufficiently large such that ()5.22p holds 
for all n > N^^. Then (fOOl) . (f532l) imply 

pU,{h2-'^'' -Vk) > 2>i(l)n- (5.23) 

Next, by definition of A^"'', we easily get, for all sufficiently large n, 

-yk + rk2-'^'' > 2-"(2n« + 1) - (2-"n« + i?2-<3") > 2-"-in«. (5.24) 
Use this, the bound on t — s^, and to get 

pt_,^ (rfc2-Q" - 2/fe) = {t- Sfe)-i/>i ((i - s,)"'/"(''fc2-'3" - y^)) 

= g|iTn(^-^fe)('^fe2-Q"-yfc)-"-i 

^ Cj4nj2"""n~"™2("+i)("+i)n~«("+i) 

-g|5:25l2"»'"""'^°+^^- (5.25) 
Next we will bound from above the quantity 

|(Zfe2-Q" - r,.2-Q")p^',^(r,.2-Q" - y,)| , 

where Pt''{z) = ^^j^- It is easy to check that 

|p^',Jrfe2-Q" - y,)| < C{t ~ Sfc)-2/>?((t - s,.)-i/"(,.,2-Q« _ y,)/2) 
= C(t - Skr'^yUJirk2-'^- ~ yu)/2) 
< C|5^2"n™2"n-"'"-'?("+i), (5.26) 
where the last inequality follows by (j5.25l) and the bound on t — Sfe. Since 

|?fc2-^" -rfe2-«"| <3-2-"n«, 

this implies 

|(Zfc2-«" - rfc2-«")p^l',Jrfc2-«" - y^)] < 3C7|06j2"n-'"(""i)-«". (5.27) 

Then by definition of p"''', (j5.23p . (|5.25l) . (|5.27l) we immediately get, that there 
exists A^ IQgl > ™ch that, for any 77 e (?7c, ^c), 

pJ!ll,(?fc2-«"-2;fc,rfc2-Q"-yfe) 

> ^^1523J2""" - C|525j2"n-"— - 3C|06j2"n-"("-i)-«" 

> ^C'j523j2"n™, Vn>7Vg28j. (5.28) 

Substitute the above lower bound into (|5.19p and the result follows immediately. □ 

Lemma 5.8. Let rj G (r/cf/c), o.nd fix arbitrary integer R > 0. On , for every 
X € Vfj there exists a (random) sequence {(uj^kj)}, such that 

L+ > C2-''"^n" 



for all r^^ G 



fc„^ {x) - R, kn^ (a;) - i? + 1, . . . , fc„^. (x) 
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Proof. Recall ()4.24|) to get that on A'^, and any l,r, 

T^'^'^'it) < f"'''''(Z2-^",r2-Q") = Cj424j(k-;|2-^")"-'^-'^S (5.29) 

and take ei < {fjc — '7)(/5 + l)/2. This, Lemma [STZl and Lemma 2.4 from [4], imply 
that for all n sufficiently large, and, for any k G [Zn"^ + 2, 2" — 1], 

p [a^ n n {L+,„,,,„ < 

< p (a- n {AL+,„ > qsTp-^-n™} n {l+,„^„ < c^-^-'n^-}) 
'fe 



; : 2-^3"; G 



^ \ s<T".'.'-(Z2-Q",r2-Q") ' ' ' 



r : 2-'3"r € V^^"^ 



< 2(Q-i)"5n«exp{-c2('?=-'')('3+i)"/(2«| . 
Consequently, 

P (a^ n Ai") n {L+,„_,„ < c^-^-in"}) 

< 2(2Q-i)»5n« exp {-c2(''--")('3+i)"/(2/?)| 
<exp{~2('^=-'')(^+i)"/(4'3)|, 
for all n sufficiently large. Using Borel-Cantelli, we get that with probability one 

U {A^ n Ai") n {L+,„_,„ < c^-^-in"}} 

fe=2n9+2 

occurs only finite number of times. Let x € Vrj he arbitrary. By definition of VJ), 
there exists a (random) sequence {{nj, kj)} such that 

x€V^:;^\ andl^(„,, =1, Vj>l. 
Therefore, on the set A^ we have 



for all j sufficiently large and all rn] £ kn^ (x) — R, kn- (x) 



□ 



If we recall (|5.14p . the above lemma implies, that it is may be possible to destroy 
the Holder continuity, of any index greater than 77, of the process on the set T^^. For 
this purpose we use processes However, as again one can see from (j5.14l) . 

to finish the proof one should show loosely speaking that on "significant" part of 
Vrj there is no compensation of "big" values of by "big" values of L~. This is 
the most difficult part of the argument and the rest of this section is devoted to its 
proof. 
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First, fix arbitrary positive constants p, c, v such that 



p < 10 ^7, V e 



,ce 



10 



1 



2-7?' lOp 



(5.30) 



Define 



G 



in) 



|there exist at least two jumps of M, of the form rS(^s,y), (5.31) 
satisfying r > 2-(''+i+2p+2crtn^ ^ ^ _ 2-"(i-'='')", t - 2-"(i+'=^)") 

_^ _ 2-n{i~cp){i~u) k + l 2-"(i-cp)(i-!-) 
2" ' 2" 



and y £ 



and 



2"-! 



:=nmsup IJ 4"^l{Gi")}. 



Informaly, G,, is the set in certain proximity of which there are at least two "big" 
jumps of M. If one of the jumps, appears in L"*", and another in L~, they may 
compensate each other; however in the next lemam we will show that the Hausdorff 
dimension of Geta is small. 

Lemma 5.9. On , 

dim(G^) < (2(/3 + 1)(?7 - -qc) + 2{v + 8(c + l)p), P - a.s. 

Proof. On the event O'^ we have the following upper bound for the intensity of the 

G(n) 
k ■ 



dsXs 



(_2-Q(l-cp)„ 



2" ' 2" 

-2-/3, 



where 6 = 1^ + 7(c + l)p. Since the number of such jumps can be represented by 
means of a time-changed standard Poisson process, the probability to have at least 
two such jumps is bounded by the square of the above bound, i.e., 

P{0'' n G^."-*) < (72"2n+2n(^i + l)(r,-r,e)+25n ^. ^(n) ^ 



Combining this bound with Lemma 15.31 and the Markov inequality, we get 

/2"-i \ /2"-i ^ 

P ^ 2"+^y") < P(0„) +P ^ 2"+^V"^0^ 



fe=0 



2"P(G^"^) 



2ri+erip(n) 

If 2(/3 -I- l)(r/ — rye) + 2(5 < 1, then, choosing e sufficiently small, we obtain 
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Applying finally Borcl-Cantelli, we conclude that Grj = almost surely. In partic- 
ular, dim(G,j) = with probability one. 

Assume now that 2(/3 + 1)(77 — rjc) + 2S > 1. Applying Borel-Cantelli once again, 
we see that the number of indices k with 1{g[,"''} = 1 is bounded by 2"+'^"p("). 
Noting that Gjj can be covered by IJfc=i ^k^^^l^k^^} 

oo 

2n+enp(n)2-en ^ ^ 9 > 2{p + 1){tJ - 7]^) + 2(5 - 1 + £, 

Ji=l 

wc infer that 

dim(G„) < 2{I3 + l){r]-T]c) + 2S-l + e. 
Letting e — > 0, we get the desired result. □ 



Define 



{AX,(y) > (t - s)^-''\y -{k + 1)2-^1"-"= 
for some s>t- 2""^, y e } 



and 



F(-) := u n ^iS 

k=0 \j<F!. 

Lemma 5.10. For every R > (1 — (1 + l3){ri — rjc))~^ there exists a constant 
C = C{R) such that 



Proof. It follows from Lemma 15.31 that 

oo 
n=N 

Therefore 

P(i^^(^)) < P (i^^(^) n (n„>jvA^j) + P (u„>jvA„) 

^ P ((n,<,^^^i^j) n (n„>^A,^j) + cn-^-/'+\ (5.32) 



< 

k=Q 



Consider a jump characterised by the triple (y, s, r). We first assume that 

-(t-s)!/" <2/-(fc + l)2-" <0. 

This jump affects Pj,^'^ if and only if r > — s)t+?^'''^ ~ . If we consider s G 
[t-2-«^t-2-"(J+i'), then r should be greater than 2~°'^^+^'>^tt^-'^+'^'> . Since 

sup X„([(fc + l)2-"-2-^(fc + l)2-")) <f"'2-^ 
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on the event Ap we have the fohowing bound for the intensity of jumps described 
above: 

d«X„([(fc + l)2-"-2-^(fc + l)2-")) r , ^^^^Or-'-'dr 

t-2-°J J2 °" + '"T+? ^+ c ' 

= (7j2m2-i(l-('J-'Jc)(/5+l))-j7a(^J+l)^ (5.33) 

If {k + 1)2^^ ~ 2/ G [aS^-' , (a + 1)2^-') with some a > 1 then r should be bigger 
than 2""(J+^)(w-T)a''-'''^2-J(''-''<=). Then, on the event A^j, 

duX,,{[a2-\{a + l)2-^)) gr-^-^dr 

< (:^j2m2-j(a+l)2j("-7a(/3+l) + ('?-'?c)(/?+l)Q-(»?-';c)(/3 + l) 

= (7j^"2"-''(^"(''"''^)('^+^^'"^''^"(''+^)a^'^''~'''^^('^+^). (5.34) 

Combining (|5.33p . (|5.34p and noting that we can cover the interval by the 
union of intervals [(A: + 1)2"^ - (a + 1)2-J, {k + 1)2"^ - a2-^) with a < 2^"^, we 
see that the intensity of jumps with y e s >t ~ 2^"^ is bounded by 

j=Af \ a=l 

OO 

<C^ j2m2-j(l-(i7-i)c)(/3+l))-J7"(/3 + l)(^2^'"^)^~^''"''''''^'^^^^ 
oo 

_ ^j-2-JVjl-(')-'?c)(/3 + l) ^ j2m2-i7Q(;3 + l) 

< (7(2^^)^^^''^'''=-"-'^+"^^ 
This implies that 

P (Ff n (n„>A.A^,)) < c(2-^)^-(''-''=)(^+^^ 

Since the jumps can be represented by a time-changed Poisson process, we then get 

P ((n.<.Fi5) n (n„,.4^j) < c(2--)«^-(--'('^+^». 

Applying this bound to summands in (j5.32p we complete the proof of the lemma. □ 
From this lemma and the Borel-Cantelli lemma we obtain 

Corollary 5.11. ForP-a.s. oj E A'^ there exists ^ J5ii[ — ^ j5.11t ('^) such that for 
every N > -/V|gjjjj and every k : R < k < 2^ there exists j = j{k, N) e {!,..., R} 
with lp{N) = 0. 

We need to indroduce some more notation. Let 

fc„(x) := [2"xJ. (5.35) 
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Recall , and let s be the time and y be the spatial position of a jump described 

in the definition of the event Then on fix 

ln{x):^\2Q^y\, (5.36) 
Moreover, since Q > 1, for every n > N^^fj^ we can define 

fn{x) ^ j{kn{x),Qn), (5.37) 

where j(-, •) is definded in Corollarv lS.lll and recall that kn(x) — kQn{x). We also 
will define three sets in [0,t) x R. For any x € R, set 

Si. ■■= {(.s,y)e[0,t)xR: |y-a;|> (t -.)(!-'')/"}, 

Si. {(s,y)£([0,t)\(t-2-"(i-^rf",i-2-"(i+^'')"))xR: 

|y_:,|<(i 

Sl. {(s, y)e[t^ 2-"(i-='')", t - 2-"(i+'='')"] X R : 

|y - < (i - s)(i-'')/", AX,(y) < (t - s)("+i+3p)/"} , 

and note that the last set is random. In the next lemma we will show that, under 
certain conditions, the jumps of L~ are small on the above sets. We will also need 
additional piece of notation. Let 

■.= {{s,y) G [0,i) X R: AX,({y}) > 0|} 

be the set of points in spacextime where the jumps of X, or euivalently of M, 
occur. 

Lemma 5.12. Let ?; e (t^c, fjc) \ {!}, and p, c be as in 115.30]) . For P-a.s. oj G A'^ , 
there exists jV j5 ^21 ^ ^ J5.12t (^) -'fc/i that for every n > iV j5 ^21 following 
holds. Fix arbitrary x G (0, 1) \ S',,-2p such that Ij^^"!^)} = 1- Then there exists a 

constant C j5^ = ^' !i5Mi (P^ ^) '^'"c^ f"'^ °''^V («' v) ^ (ULi S^.^^ n 5^, we 
have 

^^;r„(.),.„(.)(^- '"^^''"^^^(^)) ^ ^10i2-(''+^^)". (5.38) 

Proof. Fix some oj G and choose A^ jg j2[ — -^ Js.nt ; the choice of N \r^_i2\ will be 
clear from the proof. Take arbitrary n > TV jg 22[ - ^^^^ some a; G (0, 1) \ Sri-2p 
satisfying = 1. Recall (|5.36p . (15. 37^ . and in what follows to simplify the 

notation denote 



l^lnix), r = fn{x). 



It is clear that a jump, which appears in the definition of does not produce 



a jump of L„ ,^. 

Recall that x G (0, 1) \ S',,-2p means that, for any y G R, 

AX,(y) < (t - s)i^-^\y - xl'^-^P-"- . (5.39) 

We will treat the three regions S!^ ^,i = 1,2,3 separately, 
(i) Let (s, y) G Sl^ D S^, that is, 

\y~x\>it~sY^-''^/°'. (5.40) 
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First assume ly — a;| < n''2^". We will consider the cases of < 1 and 77 > 1 
separately. We start with 
Case f] < 1. For all xi,X2 6 R, 

Combining this inequality with (15.39^ and (|5.40l) . we get 

<p?(0)|2;-x|'^+"-"=-2''. 

We choose jV j5 ^21 sufhciently large such that, for any v e 10~^^ and 

\y~x\< n'i2-'\ ([08| holds, for all n > N^^. 
Case rj > \. Here we have 

p^Ll{l2-Q^^-y,r2-Q^^-y) 

= pU (^S-'?" -y)- pU - y) + (r - /)2-«>J^', (r2-Q" - y) . 

Note that > for all z < 0. Consequently, 

{p'^Ll y,r2-Q- y))- < (/2-'3" - y) -p^, {r2~Q- - y))" 

< 7^ (5.41) 

for all y > r2^Q^. 

In the complimentary case y < r2^'^" one can easily get 

{p?ll{l2-Q" - y,r2-Q" ^ y))' < + \{r~ ^-^^^^s {r2-Q" ~y)\. 

(5.42) 

If y < (r - l)2-'3"^ then r2-'3" - y > [x - y) / {R + 1). Thus, using the bound 
pT' i^) — C'lzj and the scaling property, we obtain 

-pr, {r2-Q- -y)< at - syy^ { '^t Zy/! ) " ' (5-43) 
< CR"+\t-s)\x-y\-"-\ 
From this, (|5.4ip and (|5.42p we conclude that, for all y satisfying \y — r2^'3"| > 

(p^l(?2-Q« - y,r2-Q« ~ y))' < C ((i - ,s)-i/" + (r - l)2-Q"{t ~ s)\x - y\-'^-^) . 

Combining this with (j5.39l) we conclude that the corresponding jump i ^(T'"''''^(s)) 
is bounded by 

C{t - s)^-'^\y - ^r'-^P-'/c (^(t - s)-i/" + (r - l)2~'^'\t - s)\x - ^r^^^) . 

Taking into account ()5.40p . we see that the expression on the right hand side does 
not exceed 

C(\y- + (r - 02"^"Kj - x\'^+''"-^p^ . 
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Now it is easy to see that (|5.38|) remain valid for 77 > 1 under additional assumption 



y <{r- l)2-Q'^, OT y> r2-'3" 



Now we will take care of the case y G ((r — 1)2 Q^\r2 '^"). By Corollary 15. Ill 
and our definition of r = f„(a;) (recall again (j5.37p and n > jV j^ ^21 — -^|5TTlJ' 
Q > 1) we obtain 

AX,(y) < (t - s)i^~''\y - r2^'3"|''-'''= (5.44) 

for all y e {{r - l)2-'3", r2-'3") and s > < - 2-"<3". It is clear that ?/ £ ((r - 
l)2-'5", r2-Q") implies that \y-x\<{R + 1)2-Q". From this and (|O0l) we infer 
that (i - s) < {R+ l)"/(i-'')2-"'3"/(i-'') and, consequently, s > t ~ 2-"'3» for 
all sufficiently large n. Repeating all the arguments after ()5.42p and using (|5.44p 
insted of (|09| . we obtain ([QS]) . 

Summarising, (|5.38p is valid for all |?/ — a;| < ?i'^2~". 

In case \y — x\ > ri'2~" we apply Corollary 12.31 if rj > 1, or Lemma [2.11 if i] < 1 
with S = rj + 3p (recall the bounds on p and 7 to get that S < 1 ii rj < 1 and S < 2 
if 77 > 1) to get 

\ptl (?2-Q" - y, r2-Q" ^ y)\ < C I [H^,,^ ' ^ 



(t_s)(5+l)/a^i (i-s)!/" 

Since (r - ^2"^" < 4n92-" and r2-<3" < a;, we then have 

\p,_^ [12 y, r2 2/j I < ^ _ 1, (t _ 5)1/- 

From this bound and (j4.11l) . we obtain 

AL-,.(T-'-(.)) < C{t - s)^-^\y - -r'-''j^^^^Pi {jT^) 

< Cn'i^2-^'\t - s)?TT-''-^ + '^ \y - ^|'7-')c-2p-a-l^ 

As a result, for \y — x\ > {t — s)(i^'')/" we have 

, f c / , / N 7)TT~"7— <5+a+(»7— »7c-2p— Q-l)(l-i/) 

AL;_,_^(T:'^'-'^(s)) < Cn''*2-^"((t - s)i/") 

<C2-(''+2'')"((t-s)i/") 
= C2-(''+2'')"(^(t-s)i/"^ 



?7c + l~ct7~'7^3p+Q+(r/ — r/c^2p— Q — 1) (1 — z^) 



Finally, recall that v > '^'^^"^ , and then (|5.38l) holds with an appropriate constant 
(ii) Let (s,y)G 52 ,^54. 

We start with the subset of S^ .^ where \y — x\ < {t — sY^^^^^^^ and s < t — 

2^ — a{l — cp)n 
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If ?; < 1 then, applying Lemma l2. II with 6 — 1, we obtain 



{t - S)2/" 
^-a7-2+(l-i/)(r,-r,,-2p) 



< Cn92-"(2-"(i-'='')) 
Dly Corollarv l2.3l w 



r/ — 1 — a7 — 2p— 1/(?7— ?7c — 2p) 



If 77 > 1, then we can apply Corollary 12.31 with 6 = 2, which gives 

, 16n292~2" 



' {t ~ s)3/" 

< Cn2«2"2"(< - s)^"''"^/"(t - s)(i-'^)(';-')c-2p)/a 
= Cn2«2-2«r(t_s)i/"j'*+ 

= Cn292-2"(^(t-s)i/") 

< Cn292~2«|^2-" 



2(1-Cp) 



77— 2 — Q7 — 2p— 2^(77 — ?7c ^2p) 
t;— 2 — Q7 — 2p— 7^(77 — ?7c — 2p) 



Hence for 77 e (?7c, ?7c) \ {!}, and with c, p, as in ()5.30p . we immediately get ()5.38p 
with an appropriate constant C J5 3g[ . 

Now we consider the complimentary subset of 5,^ ^, where 

|y-a;| < (t-s)(i-'')/" and s > t ^ 2-"'-^+''^^''. 
It follows from the definition of p^l^g that, for rj > 1, 

m ('S-'^" - r2-^- - y) I < + ir - 02^^" ^"^;l^ff^' . (5-45) 

With this and recalling that (r - ;)2^'5n < 4^92-", we obtain 

< Cn«2-"(t - s)^JTT-''-2/"|y _ ^|';-'fc-2p 

< Cn«2-"((t-s)i/" 



< Cn«2""(^2"(i+='')"^ 



77 — 1 — 07 — 2p— i/(r;— 77c — 2p) 



Again, with c,p,v as in (|5.30p . we immediately get (15.38^ with an appropriate 
constant C j|3 If 77 < 1 then, instead of (|5.45p . we have a simpler inequality 



(i-s)!/"- 
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Thus, 

Consequently, ()5.38p holds also for < 1. 
(iii) Let {s,y)eSl,nS\ 

Recall that on this set, AX^iy) < [t - s)(')+i+3p)/". Then applying Corollary 
(if 77 > 1) or Lemma l2.1l (if 77 < 1) with 5 — rj + 3p, and by using that c, p, v are as 
in (|5.30p . one can easily get (|5.38p in this case as well. 

□ 

Recall that L~ ; = L~ ^ ^(T"''''^(t)). In the next lemma, we will deal with regions 
where \ L~- / ■> - ,^ > r may take "big" values infinitely often. 

Lemma 5.13. For any 77 G (77c,?7c) \ {I}, we have 

P ({. e (0, 1) \ : > 2-'"-^and HA^l,} = l} i.o.} C G,\A^ 

Proof. First we will show that on a; e 

{. e (0, 1) \ S,^,, : > C|oi2-(''+^'')" 

andl{A^^|^)} = li.o.}cG^. (5.46) 

On uj G A'^, take n > N \^ i2\ ^ ^"^^ some x G (0, l)\Sn-2p satisfying = 
1. First of all, by definition of ^^"■'(^.-j, if ll^i"!^;)} — 1 then there exits a jump of 
M of the form 7^(^(5, with f, s, y as in 

^k'X) (s<3e dOB '). Moreover, again by the 
definition of ^^"l^,-), the spatial position of the jump, y, is in ^j^"(^)_2„g_2- Hence it 
is easy to see that this jump does not contribute to the jumps of { ) " { ) 
that is, AL~, , , , (5)) ^ q. Thus, we have to show that, if 

^^n,i„(x),f„(.) ^ C'|538j2-(''+2p)«,and IjAi^^^} = 1, then there exists at least 

one another big jump of M with properties described in G\ . 
By Lemma [5. 121 we get that if there exists s such that 

then the corresponding jump of M, of the form rS(^s y^, has to satisfy 

\y-x\<{t^ s)(i~'')/", se[t- 2-"(i-'=P)", t - 2-"(i+'='')"], r > {t ~ s)('?+i+3p)/". 

This yields that on A" (|06| holds. 

Second, it follows from Lemma [2751 and (|5.29p . that 

P > 2-""-!; < C|08j2-(''+2p)") < exp{-c22''»} 

for all Z,r satysfying (r - 1)2''^"' < C2-". 

Applying now Borel-Cantelli we conclude that, with probability one, 

U {l,-,, > 2-''«-i; < C|08j2-("+2p)"} 

0<i<r<2'3"-l,(T-02-Q"<C2-" 

occurs only finite number of times. This completes the proof of the lemma. □ 
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Proof of Proposition \5.1i It follows from Lemmas 15.81 and 15.131 that for every 77 £ 
iVcVc) \ {1}, X e {V,f \ Sn-2p) \ G,,, for P-a.s. w on , there exists a (random) 
sequence {nj}j>i such that 

for all rij sufficiently large. Note that the first inequality holds for every 77 G (77c. 77c). 
This implies that, on the event A'^ ^ we have 



liminf 2^''+'^)'^ 



CXD. 



(5.47) 



for any 5 > 0. Recall that, Xt{-) and 2'j^(-) are Holder continuous with any exponent 
less than rjc at every point of (0, 1). Therefore, by choosing Q > Ajj-, we have 

lim sup 2(''+*)"^- |Xt(x) -Xt(f"^ (a;)2-^"^ )| = lim C(a;)2-5Q'7e«,2('?+«)"j 
:'■^°o a:G(o,i) 

= P - a.s. on A". (5.48) 

If ?7 < 1, then Z^''^{xi,X2) = Zf{xi) - ^t^(a;2)- Therefore, combining (|5.47l) and 
(|5.48p . we conclude that 

Hz2{x) <r] ioT aWx € (y,^\Sn-2p)\Gr, P - a.s. on (5.49) 
Assume now that 77 > 1. In this case we infer from (|4.28p that 
limsup sup 2'5("~i~2''-2"^)"^ \V' (f"^2-^"^) - V'{x)\ = P-a.s. on A'. 

(5.50) 

Combining (|5.47p . (|5.48p and (|5.50p . and choosing Q > 477/(77 - 1), we get 



liminf2(''+*)" 



^2.,, (^2-'3"^["^ (x),x) 



= 00, on A^ , P — a.s.. 



This implies that (|5.49p holds for aU 77 e (77c, 77c) \ {1}. 
We know, by Lemma IT2l that 



Hz^ {x) >rj~a'^ — 2p for all x G (0, 1) \ Srj-2p, P — a.s.. 
This and (|09l) imply that on A" ,P - a.s., 

r,-aj-2p<Hz2ix)<rj for ah x G (V;, W2p) \ G„, V77 G (77^ 77e) \ {!}, (5.51) 
It follows easily from Lemma l473l Corollarv l5.6l and Lemma ISTOl that on A'^ 

dim({Vr, \ ^,-2p) \ G^) >{(3 + l){v- Vc), P - a.s. 
Thus, by (HSU, 

dim{x : Hz^ix) < 77} > (/3 + 1)(7/ — 77c), on A'^,P — a.s.. 
It is clear that 

{x : Hz2{x)^r]}\J \J {x : Hz^ix) G {r^ - n-\iq ~ {n + ly^]} 



{a; : 77 - ng ^ < Hz^ix) < r/}. 
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Consequently, 

nr,{{x : 77 - tiq ^ < Hz2{x) < 1]}) 

00 

= n„{{x : Hz2 {x) =v})+Y. ^"({^ • ^iv~n-\r^^(n + 1)-^]}). 

n—no 

Since the dimensions of 5^_2p and G,, are smaller than rj, the measure "H,, of that 
sets equals zero. Applying Corollary I5.6[ we then conlude that on 

n^{{V^\Sr,-2p)\Gr,) > 0,P-a.s. 

And in view of (|5.5ip . H,,({a; : rj — n^^ < Hz^ix) < rj}) > 0. Furthermore, it 
follows from Proposition |4?l] that dimension of the set {x : Hz^ix) ^ [rj — n~^, rj — 
(n + 1)~^]} is bounded from above by (/? + 1)(?7 — {n + — rjc). Hence, the 
definition of 7^^ immediately yields 

-Hrjiix : Hz2{x) e {T]-n-\T]- {n + l)-^]}) = 0, on , P - a.s., 

for all n > riQ. As a result we have 

-Hniix : Hz2{x) = 77}) > P - a.s. on A". (5.52) 

Since e > was arbitrary, this implies that (|5.52p is satisfied on the whole proba- 
bility space P-a.s. From this we get that 

dinija; : Hz2{x) = ?y} > (/3 + — 77c), P — a.s. 

□ 
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